Certain characterizations with linearity of regression in additive damage models  by Patil, G.P. & Ratnaparkhi, M.V.
JOURNAL OF MULTIVARIATE ANALYSIS 7, 598-601 (1977) 
Certain Characterizations with Linearity of 
Regression in Additive Damage Models 
G. P. PATIL 
Tke Pennsylvania State Uniclersity 
M. V. RATNAPARKHI 
The Ahmednagar College, Ahmednagar, India 
Communicated by E. Lukacs 
This paper investigates the characterizations of certain discrete distributions 
within the framework of a multivariate additive damage model. The univariate 
case for such a model appeared in an article by Rao (1965). In this model a 
p-dimensional observation is subjected to damage according to a specified 
probability law represented by a joint survival distribution. Here, it is shown 
that the linearity of regression of the damaged part on the undamaged ones leads 
to the characterizations of the multivariate binomial, and multiple inverse hyper- 
geometric distribution as survival distributions. 
1. INTRODUCTION 
First, we introduce the p-variate generalization of the univariate damage 
model of Rao [2]. A nonnegative, integer-valued random vector Z, to be called 
original observation, is subjected to a destruction process so that what is observed 
and recorded is only the undamaged part X of Z. Thus, 
z=x+y (1-l) 
where Y = Z - X is the damaged part of 2. The destruction process is repre- 
sented by the joint survival probability function (also known as the joint survival 
distribution) 
S(x 12) = P(X = x / 2 = 2). (1.2) 
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In this paper, we shall say that the quadruplet (Z, X, Y, X 1 z) defines the 
multivariate additive damage model and will be denoted by MADM (Z, X, Y, 
x I 4. 
Assuming the survival distribution s(x j z) to be a double binomial, Talwalker 
[4] obtains the characterization of the double Poisson distribution by using the 
condition 
x 2% (X I Yl = 0, Y, = 0) 2 (X j Yl = 0, Y, # 0) 
2% (X 1 Yl # 0, Y, = 0) 25 (X 1 Y, # 0, Y2 # 0). (1.3) 
A variant of condition (1.3) appears in Patil and Ratnaparkhi [l] for obtaining a 
characterization of the negative multinomial distribution as the distribution of Z. 
Characterization of the double binomial distribution as the survival distribution 
is considered by Srivastava and Singh [3]. 
Instead of conditions (1.3) we study here the regression properties of Y 
given X = x, and obtain the characterizations of the double binomial and double 
inverse hypergeometric distributions as the survival distributions. Generaliza- 
tions to the multivariate case are straightforward. 
2. CHARACTERIZATIONS OF THE DOUBLE BINOMIAL AND 
DOUBLE INVERSE HYPERGEOMETRIC DISTRIBUTIONS 
Since the results of the p-variate case follow from a bivariate case we need 
consider only the bivariate case. First, we prove a general result in Theorem 2.1 
to show that for additive damage if Z has a bivariate power series distribution 
(BPSD) with parameter 9 then the survival distribution given by s(x 1 z) is 
uniquely determined. 
THEOREM 2.1. Consider bivariate additive damage model BADM (Z, X, 
Y, X / z). Assume that Z N BPSD (ti,f(e)). Then 
Jwi I xl = 4bi(xYu + Cl4 + &J, (2.1) 
i = 1, 2, whue &(x) = (ai + b(x, + x2)), determine s(x 1 z) uniquely. 
Proof. Now, 
E[Yi 1 x] = E[Z, - xi IXi] 
= CL CL (Xi - 4 P(Z = 2) 4x I 2) 
P(X = x) , (2.2) 
i = 1,2, where 
P(x = x) = f  2 P(Z = 2) s(x 12). 
zl=zl zz=z2 
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Substituting for P(Z = z), E[Y, / x] from (2.1) in (2.2) we get 
i = 1,2. Now comparing coefficients of eil@ on both sides of (2.3) we get two 
equations in s(x / z)/s(x 1 z - eJ, i = 1,2, where e, = (1,0) and e, = (0, 1). 
Solutions to these equations are 
i = 1,2, where 
4x I 4 
s(x ) z - ei) = Ci(Z, x), (2.4) 
and 
&(z, x) = 
a(z - 4 . h(z, x) 
44 (3 - %Mi(X) + c4- 
h(z, X) = h(X) 9$(X> - i Ci(zi - %I $j(X). 
i,j=l 
izj 
The recurrence relations (2.4) together with ~(0 [ 0) = 1 determine s(x 1 z) 
uniquely. 
In what follows, we state our main theorems. The proof for the necessary 
parts in each of the cases is straightforward and the sufficiency parts follow from 
Theorem 2.1. 
THEOREM 2.2. Consider BADM (2, X, Y, X 1 z). Assume that Z - Double 
Poisson (0). Then a NASC for X / z - Double Binomial (z, x) is that E[Y, / x] = 
mitlifor allx where0 < vi < 1, i = 1, 2. 
THEOREM 2.3. Consider BADM (Z, X, Y, X / z). Assume that Z - Trinomial 
(N, p). Then a NASC for X j z - Double Binomial (z, x) is that 
THEOREM 2.4. Consider BADM (Z, X, Y, X / z). Assume that Z - Negative 
Trinomial (k, p). Then a NASC for X 1 z - Double Binomial (z, n) is that 
-fvc I Yl = 
eiai 
1 + cl4 + 44 [k + ($1 + 41, 
whmeBi =pi,ci = -ri,i= 1,~. 
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THEOREM 2.5. Consider BADM (2, X, Y, X 1 z). Assume that 2 - Negative 
Trinomial (k, p). Then a NASCfor X 1 z - Double Inverse Hypergeometric (z; m) 
is that 
E[Y, 1 x] = & , i = 1,2. 
I 
Extensions of these theorems to the multivariate csse follow immediately. 
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